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Abstract 

This research evaluates the application of a bidirectional nearest-neighbor algorithm to 

search for the optimal Hamilton circuit in a weighted complete graph. The result is then compared 

with the findings given by a brute-force search. This is used to understand the tradeoff in time 

complexity and efficiency between both algorithms. The research takes the approach of the 

traveling salesman problem, where the goal is to find the cheapest way to travel through a given 

set of cities visiting all of the cities only once. For this, data on the average domestic flight prices 

between cities from the U.S. Department of transportation is used to create the complete graph to 

be evaluated. 
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1. Introduction 

Imagine a salesman has a set of 6 cities to visit and he is looking for the cheapest way to visit all 

of them only once, starting and ending in his home city. It is assumed that there are flights 

available between all the city-pairs. He would have (n-1)! route options, in this case 120, so he 

would have to calculate all the possibilities to find the cheapest one. This is the famous traveling 

salesman problem and what the salesman is looking for are called Hamilton circuits. In this 

example, the description is that of a complete graph since all the vertices are interconnected, the 

flight prices would be the edge weights between the vertices. Therefore, we can say that given a 

weighted complete graph G with n vertices, the number of possible Hamilton circuits in a such 

graph is given as (n -1)! This is a big problem because it implies a computational complexity of 

O(n!), which means that the time it takes to solve the algorithm grows at factorial speed as the 

number of vertices (n) increases. Factorial speed is one of the worst cases in computational 

complexity, computing such an algorithm for a large n is challenging even for the most advanced 

computers. Solving this problem in a brute force manner, that is calculating all the possible 

routes, is not time efficient and it is very hard to do for big n cases. Consequently, another 

approach is to use an algorithm that makes certain choices to optimize the computational time. 

For instance, a nearest-neighbor algorithm could be used to find a solution in linear time O(n), 

with the tradeoff that the solution might not be the best one (cheapest). Ideally, the solution 

would be close to the best result. The intention of this research is to measure the runtime and 

optimal solution for both approaches, brute force and nearest-neighbor, to understand the 

relationship of this tradeoff. For this, the traveling salesman problem will be recreated using 

Python, and the dataset for the flight prices used in this model comes from the historical 

collection of domestic prices from the U.S. Department of Transportation. 

2. Background 
a. Graph Theory Fundamentals 

A graph G is a set of vertices V and edges E. “In graph theory, the term graph refers to an object 

built from vertices and edges in the following way. A vertex in a graph is a node ... The edges of 

a graph connect pairs of vertices.” (Hayes, Gravelle, Seideman, & Homp, 2019). We refer to a 

graph as: 

𝐺 = (𝑉, 𝐸) 

The edges that connect two vertices can have a weight, that could represent a value like distance, 

for instance. Graphs with weighted edges are called weighted graphs. 

Additionally, we can say two vertices are adjacent if they are connected by an edge. From this, 

we can build a square matrix called an adjacency matrix, where we represent the number of 

connections between the set of vertices. We can also build a weighted adjacency matrix using the 

weights as cell values for the matrix.  
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b. Complete graphs 

A complete graph is a graph where each vertex is connected by an edge with all the other 

vertices of the graph. It’s perfectly interconnected. 

c. Hamilton circuits 

A Hamiltonian circuit “is a circuit that visits every vertex once with no repeats. Being a circuit, it 

must start and end at the same vertex.” (Hayes, Gravelle, Seideman, & Homp, 2019). For a 

complete graph, the number of Hamilton circuits equals the number of permutations of all the 

vertices n, without counting the origin vertex. This result in the number of permutations of n 

minus 1. 

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝐻𝑎𝑚𝑖𝑙𝑡𝑜𝑛 𝐶𝑖𝑟𝑐𝑢𝑖𝑡𝑠 = (𝑛 − 1)! 

d. K Nearest-Neighbor algorithm (KNN) 

This algorithm searches the closest neighbor of a vertex, then moves to this vertex where it 

repeats the search until it finds its goal or the options are exhausted. Its core mechanism is 

simple, "a naive approach to finding the k-nearest-neighbors for each query would sort the n 

candidates by distance and then return the first k." (Li & Amenta, 2015). The KNN algorithm is 

a greedy algorithm, “an algorithm follows the Greedy Design Principle if it makes a series of 

choices, and each choice is locally optimized; in other words, when viewed in isolation, that step 

is performed optimally.” (Suri, 2019). This means that the overall result depends on the result at 

a local level every time the algorithm has to make a choice, in this case, it chooses to follow the 

shortest path even though it might not be the best decision in the long run. 

3. Methodology 
 

a. Data Collection 

The first step was to collect data for domestic flights in the US. For this, the collection was done 

using the API of the U.S. Department of Transportation (DOT) to its database of Consumer 

Airfare Reports, “Table 1a - All U.S. Airport Pair Markets” (2022). The data was filtered leaving 

only the flights between the biggest cities per state, then a total of 28 cities were handpicked 

based on the number of connections between one city to the others (vertex degree). Afterward, 

the cities were used as vertices and the city-pair airfares as edges to create a graph, this graph is 

represented in a weighted adjacency matrix. Here the first issue was found, the graph was not a 

complete graph since the data offered by the Department of Transportation (DOT) have city-pair 

fares (edges) missing. To solve this, random numbers were generated for the missing city-pair 

fares. To minimize the distortion inserted by random numbers, the random generator used is 

based on a gaussian distribution from the sample of edge weights that already exist for the given 

vertex (city) to be computed. 
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b. Brute Force Algorithm (BF) 

The brute force algorithm is simple. It creates a list of all the vertices without the origin vertex, 

since we don’t want to travel to our start point, and then It looks for all the permutations of this 

list, which are the Hamilton circuits. Subsequently, the algorithm proceeds to add all the weights 

for each permutation, generating the total weight for each Hamilton circuit. Finally, just choose 

the circuit with the minimum total weight. 

c. Bidirectional Nearest-neighbor Algorithm (BNN) 

The idea is to use a nearest-neighbor algorithm to look for the cheapest city connections. 

However, a problem that this search could have when looking for city routes in the US is that it 

could start exhausting all the cities close to the origin until it reaches the farthest city away, and 

the weight from the farthest city away to the origin could outweigh the optimization obtained in 

the previous cities, distorting our result. For instance, the algorithm could go from Miami-

Chicago, Chicago-LA, LA-Alaska, and Alaska-Miami, where the travel back from Alaska could 

be very expensive. A more natural way to approach this problem could be Miami- Chicago, 

Chicago -Alaska, Alaska -LA, LA-Miami. This could be especially interesting when looking at 

large sets of cities.  

Consequently, the approach taken in this research is to use a bidirectional nearest-neighbor 

algorithm, where on the first level of the search the question is: what are the two nearest 

vertices? Instead of just asking for one, let us call these vertices B and C. Then, a nearest-

neighbor search link starts from both vertices. When all the vertices of the graph have been 

visited there will be two paths extending from B and C respectively. Let us say that path 1 

extends from B to X and path 2 extends from C to Z. then the last step is to connect both pats 

finding the edge that joins Z and X. This is how the algorithm will calculate the best route. 

 

d. Testing 

The variable of interest for the complexity of this algorithm is the number of vertices n. 

Therefore, the different tests are classified based on the number of vertices (cities) per sample. 

From the main matrix of 28 cities collected from de DOT, the testing program creates 1000 

samples of random combinations between cities, each sample is a weighted adjacency matrix of 

dimension n x n. The tests consist of running both algorithms for each sample and collecting the 

results to compare. For the brute force algorithm, the results collected include the optimal circuit 
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(cheapest), mean of all circuits weights, and runtime of the algorithm for each sample. On the 

other hand, for the BNN algorithm, the results collected were the optimal circuit and the runtime 

for each sample. The tests were run for each n in n = 4, 5, 6, 7, 8, 9, 10, 11.  

4. Results 

 

a. Time complexity  

  The time complexity of the brute force algorithm is factorial time O(n!), which is a terrible time 

complexity. Just as an example of that, while running the tests (1000 samples per test) for the 

different numbers of vertices n, the maximum n that could be tested was 11, beyond that point 

the time to calculate each test surpassed the 24 h of calculations. On the other hand, the 

bidirectional nearest-neighbor algorithm takes linear time O(n). This 

means that time complexity grows at a constant speed proportional 

to the size of input value n. The BNN is linear time because it only 

performs a set of operations for each row of the adjacency matrix. 

Hence if n grows because a vertex is added, the algorithm will only 

do one more set of operations. Therefore, the complexity grows 

constant and proportional to n. To evaluate this, the runtime was 

measured for both algorithms on each sample per test, then the 

runtime mean was calculated per test. The results are in table 1.    

In the following two charts, it’s plotted the mean runtime per test for each algorithm, where it 

can be observed that the BNN follows a linear time complexity, and the BF follows a factorial 

time complexity. 

As can be observed in the table, the runtime difference between the BNN minus the BF 

algorithms grows factorially, so as n grows the BNN algorithm drastically outperforms the BF 

approach. This is reflected in the runtime difference graph. 
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b. Result efficiency 

 Since the BNN algorithm looks for the nearest-neighbor it often misses the best path, the path it 

gets could not even be close to the best path, therefore we need to compare both solutions to 

understand how accurate is the result. For each sample on the tests, the results for each algorithm 

were collected. In the case of the brute force approach, the mean of the total weight for all the 

Hamilton circuits was also collected. To compare these results let's calculate the BNN efficiency, 

for this the following assumption is made: the best circuit from the brute force approach is the 

minimum value of the distribution of results, therefore between the BF result (minimum value) 

and the mean there is half of the range of the distribution of results for that sample. If this half 

range is doubled then the full range of the result distribution is obtained. This will tell us what is 

the range of possible values the BNN algorithm could’ve produced and how far away they are 

from the best value. Secondly, let's take the result difference between the BNN result minus the 

BF result, this difference will say how far away are both results. Afterward, let's take the ratio of 

the result difference divided by the range of possible values. This will place the BNN result in 

the scale of the range of possibilities and tell us how far away is the BNN result from the best 

result as a percentage. Lastly, to calculate the efficiency, we take the value of 1 minus the ratio 

result, to get how much the BNN result covered from the worst possible value until its current 

position. For instance, if the difference between the BNN result and the best result is 10, and the 

range of possibilities is 100, then the ratio is 0.1, which means the result is 10% away from the 

best result. Then, to get the efficiency, let’s take 1 - 0.1 = 0.9, this will result in an efficiency of 

90%. The formulas to calculate efficiency are the following: 

𝑹𝒂𝒏𝒈𝒆 = (𝑴𝒆𝒂𝒏 𝒐𝒇 𝑯𝒂𝒎𝒊𝒍𝒕𝒐𝒏 𝒄𝒊𝒓𝒄𝒖𝒊𝒕𝒔 − 𝒃𝒆𝒔𝒕 𝒉𝒂𝒎𝒊𝒍𝒕𝒐𝒏 𝒄𝒊𝒓𝒄𝒖𝒊𝒕) ∗ 𝟐 

𝑫𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 = 𝑩𝑵𝑵 𝒓𝒆𝒔𝒖𝒍𝒕 − 𝑩𝑭 𝒓𝒆𝒔𝒖𝒍𝒕 

𝑫𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 𝒓𝒂𝒕𝒊𝒐 =
𝑫𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆

𝑹𝒂𝒏𝒈𝒆
 

% 𝑬𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒄𝒚 = (𝟏 − 𝑫𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆 𝒓𝒂𝒕𝒊𝒐) ∗ 𝟏𝟎𝟎 

Finally, after calculating all the rates of efficiency for each sample, let’s take the average of these 

efficiency rates to get the overall efficiency for the test. In the case of the data of this research the 

results look as follows:  
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As it can be noted, the average efficiency rate for the BNN algorithm in this research is about 

81.93%. Something to note about this rate of efficiency is that depending on how the results for 

the Hamilton circuits are distributed this rate could be more or less accurate. For this research, 

the results were evenly distributed almost following a normal distribution, so this efficiency rate 

is a good measure of comparison. 

5. Conclusion 

All in all, the objective of this research was to offer a comparison frame to understand the 

tradeoff between computing speed and losing efficiency in finding the best result. As it can be 

observed the BNN algorithm performs drastically better time-wise, it has a linear time 

complexity which is significantly better than the brute force factorial time. However, some 

efficiency in finding the best result is lost, having an average of 81.93% efficiency for the BNN 

algorithm. Something to note is that the efficiency results highly correlate to how are the weights 

of the edges of a graph distributed, there could be data distributions that could bring the BNN 

efficiency down significantly. However, this test fits the data distribution for the data set used in 

this research. 

A way to optimize the efficiency of this algorithm could be to apply the BNN algorithm to each 

vertex of the sample and select the best cycle, that way the opportunity of losing a short cycle is 

minimized. The verdict for this research is that the tradeoff of time and efficiency for this 

example could be worth it, depending on how sensitive to error is the system using this 

algorithm. 
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